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In this letter we develop the theory of Hall effect driven by non-collinear magnetic textures
(topological Hall effect - THE) in diluted magnetic semiconductors (DMS). We show that a carrier
spin-orbit interaction induces a chiral magnetic ordering inside a bound magnetic polaron (BMP).
The inner structure of non-collinear BMP is controlled by the type of spin-orbit coupling, allowing
to create skyrmion- (Rashba) or antiskyrmion-like (Dresselhaus) configurations. The asymmetric
scattering of itinerant carriers on polarons leads to the Hall signal which exists in weak external
magnetic fields and low temperatures. We point out that DMS-based systems allow one to investigate
experimentally the dependence of THE both on a carrier spin polarization and on a non-collinear
magnetic texture shape.
PACS numbers: 75.50.Pp, 72.20.My, 72.25.Dc, 74.25.Ha,
The non-collinear ordering of magnetic moments is ac-
companied in experiment by an additional Hall signal
(topological Hall effect - THE). This phenomena has
been evidenced in numerous magnetic systems with di-
verse shapes of non-collinear magnetization; the exam-
ples comprise spin glasses [1, 2], antiferromagnets [3, 4],
Eu-based [5, 6] and frustrated systems [7, 8], topologi-
cal insulators [9] and various ferromagnets with magnetic
skyrmions [10–15]. It is now believed that the effect mi-
croscopically stems from a carrier exchange interaction
with triads of non-collinear spins [16–22]. At the same
moment, the theory predicts the different behavior of the
emerging Hall response at strong and weak exchange cou-
plings [22]. In case of strong exchange interaction the
transverse electric signal depends on a carrier spin po-
larization [22–24], while in the opposite regime of weak
coupling THE appears even for totally unpolarized carri-
ers [20–22]. The direct experiments focused on this issue
have not been carried out so far, which is mainly due to
the poor tuneability of carrier spin in those materials.
To overcome this obstacle we propose to investigate the
Hall effect driven by non-collinear magnetic textures in
diluted magnetic semiconductors (DMS), where the ma-
nipulation of carrier spin polarization is possible.
We describe a new mechanism for a non-collinear or-
dering of magnetic moments relevant for disordered para-
magnetic systems, such as DMS. We demonstrate that a
spin-orbit splitting of a carrier band states leads to a
non-collinear internal pattern of a bound magnetic po-
laron (BMP) - a correlated state of a localized carrier and
magnetic impurities lying inside a localization core. The
non-collinear BMP favors asymmetric scattering of itin-
erant carriers and leads to an additional Hall response.
The effect exists upon weak external magnetic fields up
to the helium temperature and it carries an information
about the type of a given spin-orbit interaction affecting
the inner structure of BMP.
The key ingredient underlying the physics of non-
collinear structures in disordered magnetic systems is an
exchange interaction between carriers and magnetic im-
purities:
Hex = −αex
∑
n
(S · In) ρˆ(r − rn) (1)
where αex is an exchange coupling constant, ρˆ(r− rn) =
δ (r − rn) is the density operator, S is the operator of
carrier spin (in zinc-blend semiconductors S = 1/2 for
Γ6 conductivity band, S = 3/2 for Γ8 valence band), In
is the spin operator of magnetic impurity at point rn. On
the one hand the exchange interaction (1) couples non-
collinear magnetic pattern of In with a carrier orbital
motion leading to Hall effect. On the other hand it allows
a carrier to polarize magnetic moments along its spin,
which results in a formation of a magnetic polaron.
We provide the consideration for the zinc-blend A2B6
DMS quantum wells (QWs) doped by Mn. Let us de-
scribe the formation of non-collinear BMP. For this pur-
pose we need to take into account the effect of a carrier
on magnetic impurities. BMP is usually bonded to a
localizing defect (donor or acceptor), so the coordinate
part of a carrier wave function Ψν(r) (ν = 1, 2 attributes
to Kramers doublet) is controlled by the potential of an
impurity center; the radius vector r = (ρ, z), where ρ is
the coordinate in QW plane and z is the coordinate along
the QW growth axis. A carrier in state Ψν generates an
exchange field Bνex(rn) acting on magnetic impurity In
at point rn. The energy of polaron E
ν
p in state ν upon
the external magnetic field B0 is given by:
Eνp = −
∑
n
g0µBIn (B
ν
ex(rn) +B0) (2)
where g0 = 2 is Mn gyromagnetic factor, µB is Bohr
magneton and the sum goes over the impurities inside a
localization radius. At low temperatures BMP falls into
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2a collective state with magnetic moments In co-aligned
with a direction of total magnetic field Bνex(rn)+B0 [25,
26], which minimizes the energy Eνp .
The ordering of magnetic impurities In inside a BMP
core in the collective regime is susceptible to the structure
of local exchange field. To calculate Bνex(r) we average
the exchange interaction (1) with a carrier wave function
Ψν(r) and compare the result with the energy in (2). We
get that the exchange field is given by:
Bνex(r) =
αex
g0µB
Ψ†ν(r)SΨν(r). (3)
In absence of carrier spin-orbit interaction the spinor part
of Ψν is a constant and the direction of exchange fieldB
ν
ex
is homogeneous in space. In this case magnetic moments
inside a polaron core are all so-aligned [25]. In presence of
spin-orbit interaction a carrier spin is not conserved any
longer [27, 28]; the direction of vector Bνex(r) depends
on coordinate [26, 29, 30] which leads to non-collinear
magnetic ordering inside BMP.
We further consider the case when a spin-orbit inter-
action induces the rotation of spins within a QW plane:
I(r) =
(
I‖(ρ, z) cos Φ(θ), I‖(ρ, z) sin Φ(θ), Iz(ρ, z)
)
(4)
where ρ = (ρ, θ) and ρ is the QW in-plane radius-
vector magnitude, θ is the polar angle, I‖, Iz are in- and
out of-plane spin components respectively, the function
Φ(θ) = (κθ + γ) describes the in-plane spin rotation.
The vorticity κ, which takes integer values, and the ini-
tial phase of rotation γ depend on a particular type of
spin-orbit coupling. The dependence of BMP spins I on
z might arise from an impurity confinement (QW thick-
ness dQW is larger than a Bohr radius aB , e.g. the ac-
ceptor polaron from Γ8 valence band [26, 31]), or simply
reflect the structure of a carrier envelop function along z
(narrow QWs with dQW < aB).
To describe the appearance of Hall effect in QW due
to non-collinear BMPs let us consider the motion of an
itinerant carrier (either electron or hole) with 1/2 pseudo-
spin j in the frozen spin field I(r) of an individual po-
laron (meanfield approximation). After integrating I(r)
in (1) with itinerant carrier subband envelop function
along z and taking into account that Sα = gαβjβ (tensor
gαβ couples the matrix elements of S and j operators)
we get the 2×2 matrix scattering potential within carrier
subband states:
Vsc(ρ) = −1
2
αexnm
(
Lz(ρ) e
−iκθ−iγL‖(ρ)
eiκθ+iγL‖(ρ) −Lz(ρ)
)
,
(5)
where nm = xMnN0 is a density of magnetic impurities
(N0 is a number of cations per unit cell, xMn is a fraction
of Mn), Lz = 〈Iz(ρ)〉gz, L‖ = 〈I‖(ρ)〉g‖, and g‖, gz are in-
and out-of-plane components of gαβ . The in-plane spin
rotation of I(r) enters in the off-diagonal components of
the scattering potential via the angular factors e±iκθ and
gives rise to a carrier scattering asymmetry [22]. There
must be g‖ 6= 0 to preserve this asymmetry so the effect
might be weakened for heavy hole like QW subbands.
The Hall effect due to a carrier asymmetric scattering
on BMPs has a number of features [22]. Let us focus
on those that arise from the polaron-based mechanism of
spin non-collinearity. The non-collinear ordering inside
BMP is destroyed both by strong external magnetic field
(it tilts all spins along its direction) and by high tempera-
ture due to thermal fluctuations. Thus the observation of
THE requires low temperatures and weak external mag-
netic fields. Besides, the sign of Hall signal depends on a
polaron vorticity κ [22], which is determined by the type
of carrier spin-orbit splitting and takes different values.
Let us consider these issues in details.
We consider BMP in an ultra-narrow QW (dQW <
aB). We focus on a purely 2D model with the exchange
fieldBex(ρ) depending on QW plane radius vector ρ. Let
a 2D polaron acquires a non-collinearity due to linear in
k Rashba or Dresselhaus spin-orbit subband splittings of
a carrier with 1/2 pseudo-spin [32]. In the coordinate sys-
tem x||[100], y||[010], z||[001] (QW is grown along z-axis)
the k-dependent spin-orbit part of carrier Hamiltonian is
given by:
HSO(k) = βSOk
(
0 e−iχθk−iγk
eiχθk+iγk 0
)
(6)
where βSO is a spin-orbit coupling, k = (k, θk) is a pla-
nar wave-vector (k - magnitude and θk - polar angle);
χ = 1 for Rashba and χ = −1 for Dresselhaus splitting,
and γk = −(1 + χ)pi/4. We point out the similarity be-
tween HSO(k) and Vsc(ρ). The spin-orbit Hamiltonian
HSO describes spin rotation in k-space with the direc-
tion determined by χ, while Vsc describes spin rotation
in ρ-space with direction given by κ. Naturally, the type
of an initial spin-orbit interaction χ = ±1 is inherited by
the type of BMP κ = χ.
Let a particle (either electron or hole) from the low-
est QW subband affected by HSO is bounded by an
impurity potential V0(ρ). The wave function Ψν(r) =
ψν(ρ)/
√
dQW contains a planar component ψν(ρ) which
satisfies the Schrodinger’s equation:(
− ~
2
2m
∇2 +HSO + V0(ρ)− E0
)
ψν(ρ) = 0 (7)
where the first term attributes to a parabolic free-motion
dispersion of 2D subband with in-plane effective mass m,
and E0 is an energy of bound state counted from a sub-
band edge at βSO = 0. Although there is a series of local-
ized states in 2D system with spin-orbit splitting [33], we
consider only the lowest Kramers pair taking its energy
E0 as a parameter (E0 < −mβ2SO/2~2). We also ne-
glect the effect of the weak external magnetic field. For
a short-range potential V0(ρ) ∼ δ(ρ) the solutions ψν(ρ)
3γ κ = +1 κ = −1
η = 1 0 pi/2
η = −1 pi −pi/2
TABLE I: The polaron in-plane spin rotation phase γ for dif-
ferent orientation η = ±1 and vorticity κ.
of (7) are given by [36]:
ψ1(ρ) =
(
a(ρ)
eiκθ+iγ
′
b(ρ)
)
, ψ2(ρ) = −iσ2ψ∗1(ρ) (8)
where θ is measured from x||[100], σ2 is the sec-
ond Pauli matrix, γ′ = (1 − κ)pi/4, the functions
a(ρ) = c0Re [qK0(qρ)], b(ρ) = c0Im [qK1(qρ)], q =
q0
(√
1− δ2SO + iδSO
)
, q0 =
√
2m|E0|/~2, qSO =
mβSO/~2, δSO = qSO/q0, K0(z),K1(z) are mod-
ified Bessel functions of zero-th and first kind re-
spectively, and the normalization constant c0 =√
pi (1− ln q/q∗(q − q∗)/2(q + q∗))−1/2. The vorticity
κ = ±1 in (8) attributes either to Rashba or Dressel-
haus spin-orbit interaction.
Using the wave functions ψν(ρ) from (8) we obtain a
general form of the exchange field:
Bxex(ρ) = ζg‖a(ρ)b(ρ) cos (κθ + γ)
Byex(ρ) = ζg‖a(ρ)b(ρ) sin (κθ + γ)
Bzex(ρ) = ζgz
(−1)ν
2
(
b2(ρ)− a2(ρ)) (9)
where ζ = (αex/g0µBdQW ), γ is an initial phase. As
soon as g‖ 6= 0 the exchange field gets the in-plane rota-
tion and induces a chiral ordering of In inside a polaron
core. The latter favors an asymmetric carrier scattering
via the potential Vsc from (5). The sign of an emerging
scattering asymmetry depends on κ = ±1, thus Rashba
and Dresselhaus magnetic polarons give rise to an ob-
servable Hall effect of the opposite sign.
Let the external magnetic field B0 is directed along
the QW growth axis. The Kramers states ν describe two
polaron configuration with opposite orientation of spins
η = ±1 in the very center with respect to B0. The par-
allel configuration η = 1 has the shape of a non-collinear
ring; the anti-parallel η = −1 describes a topologically
charged state called magnetic skyrmion for κ = 1 or an-
tiskyrmion κ = −1. The presence ofB0 lifts the Kramers
degeneracy and η = ±1 polaron configurations have dif-
ferent energies (2); the one with η = 1 tends to be the
ground state. The initial phase of in-plane rotation γ
depends both on η and κ, which is given in Table (I).
At low temperatures T → 0 a BMP falls into fully
saturated collective regime when the magnetic moments
inside BMP core are so-aligned with a direction of total
magnetic field:
I(ρ) = I
Bex(ρ) +B0
|Bex(ρ) +B0| (10)
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FIG. 1: Bound magnetic polaron formed by a light hole with
Dresselhaus spin-orbit band splitting. The color shows the
magnitude of I inclination angle φ at different distance from
an acceptor center. E0 = −20 meV, m = 0.4m0, βSO = 250
meVA˚ (δSO = 0.3), B0 = 50 mT, κ = −1, γ = pi/2, a0 = 0.64
nm, the other parameters are taken for CdTe
where I is a magnitude of spin (we assume that there
is a big number of magnetic impurities inside BMP
xMnN0pia
2
BdQW  1). In Fig.1 we show the distribu-
tion of spins I(ρ) inside a BMP with η = 1 created
by a light hole (effective mass m = 0.4m0) bound to
an acceptor (E0 = −20 meV) [37] in a narrow QW
(dQW = 2 nm) with the Dresselhaus spin-orbit inter-
action [34] (βSO = 250 meVA˚, δSO = 0.3). The ex-
change coupling constant in Fig.1 is taken for CdMnTe
αex = α0/3, where α0N0 = −880 meV, I = 5/2 for
Mn, the magnetic field B0 = 50 mT. The spatial coor-
dinates are given in units of lattice constant a0 = 0.64
nm. The components of light hole g-factor are g‖ = 2,
gz = 1. The polaron in Fig.1 has a shape of non-collinear
ring with a pronounced magnetization tilt (the maximum
value φmax ≈ 60◦) at 2−4 nm from center. The in-plane
spin rotation is determined by Dresselhaus spin-orbit in-
teraction (κ = −1, γ = pi/2).
A non-collinear polaron structure disappears with in-
crease of external magnetic field B0 or temperature T .
The suppression occurs when B0, T become comparable
with the magnitude of exchange field in the region where
the spin-orbit interaction induces in-plane twist of I. For
the considered example of Rashba and Dresselhaus 2D
polarons the spatial position of this region is controlled
by the parameter δSO = qSO/q0 (B
‖
ex ∼ a(ρ)b(ρ), where
b(ρ) ∼ Im [qK1(qρ)] is nonzero due to δSO 6= 0). The ex-
change field of a localized carrier decreases away from a
polaron center, thus to shift the non-collinear ring closer
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FIG. 2: The map of maximum tilt angles φmax inside a BMP
at ground state. The region of φmax = pi (δSO > 0.35 and
weak B0) corresponds to a skyrmion (κ = 1) or antiskyrmion
(κ = −1) configuration at T → 0. The parameters are the
same as in Fig.1.
to polaron center the larger spin-orbit coupling (in 2D
case larger δSO) is needed. In Fig.2 we show the map of
maximum tilt angles φmax inside a BMP being at ground
state for different B0 and δSO at T → 0 (the other pa-
rameters are the same as in Fig.1). For small δSO a
non-collinear region appears only outside the Bohr ra-
dius and it is destroyed by extremely weak B0. At larger
spin-orbit splitting (βSO = 250 meVA˚, δSO = 0.3) the
exchange field rotates already within the Bohr radius (see
Fig.1) with a spin tilt φmax ≈ 60◦ at B0 = 50 mT and
φmax ≈ 15◦ at B0 = 0.3 T. Alignment of spins I along
the B0 diminishes the Hall effect.
Another property of 2D non-collinear BMP model is
that at large δSO and T → 0 the polaron ground state
undergoes a transition to a skyrmion (antiskyrmion at
κ = −1) configuration with η = −1 (see the region of
φmax = −pi in Fig. 2). The maximum gain in polaron
energy Eνp (ground state) occurs when the QW perpen-
dicular exchange field component Bzex and B0 are so-
aligned for the majority of spins inside BMP, which is
ordinarily achieved for η = 1. Nevertheless, at large δSO
the sign of Bzex changes at some distance from polaron
center. In this case it is more favorable to orient the pe-
riphery spins along the external field, while few spins in
the center will be directed oppositely creating a skyrmion
with η = −1 [38].
The rotating BMP spin texture from (4) also appears
in other DMS systems, e.g. in wide QWs with Γ8-like
acceptor polaron [26, 31], or in structures with inverse
spectrum (e.g. HgTe/CdTe QWs) [35]. This makes it
possible to investigate the topological Hall response from
a wide range of non-collinear magnetic configurations on
the unified platform: the desirable magnetic texture can
be achieved by the design of a heterostructure.
The BMP-based THE in an arbitrary DMS system
is distinguished from other transverse contributions (or-
dinary and anomalous Hall effects) by the existence
only within the region where non-collinearity is pre-
served (B0 ≤ (0.5 − 1)T, T ≤ (3 − 4)K). Moreover,
DMS-based heterostructures give control over the carrier
spin polarization Ps in this region. Changing the ratio
µBg0B0I/kT we control the magnitude of background
magnetization and regulate Ps via the giant Zeeman ef-
fect. This allows to investigate experimentally the de-
pendence of THE on carrier spin polarization. This de-
pendence is a keystone of the phenomenon: the theory
states the existence of different regimes with respect to
Ps [22].
A carrier asymmetric scattering on BMP dramati-
cally depends on the magnitude of adiabatic parameter
λa = ωexτ [22], where ~ωex is an exchange interaction
strength and τ is a characteristic time of a carrier fly
through a texture core. At the adiabatic regime λa  1
spin-up and spin-down carriers are scattered in the op-
posite transverse directions leading to spin Hall effect. In
this regime the electrical transverse response is propor-
tional to a carrier spin polarization Ps. In the opposite
regime λa ≤ 1 a carrier is scattered disregard to the
initial spin state to the unique transverse direction con-
trolled by polaron orientation η = ±1 [21]. In this case
the Hall signal can be observed even for totally unpo-
larized carriers Ps = 0 provided that there is nonequiv-
alent number of η = ±1 polarons in the sample (upon
increasing of B0 the number of BMPs with η = 1 pre-
vails as they have lower energy). The crossover regime
λa ∼ 1 is accompanied by oscillations of Hall response
upon varying a polaron size or Fermi energy. Carrying
out the measurements of electrical transverse signal at
different µBg0B0I/kT gives us an experimental access to
the physics of topological Hall effect in different regimes.
Let us comment the possible design of DMS-based het-
erostructure. We propose A2B6 based QW doped both
by manganese and neutral acceptors A0 with latter form-
ing non-collinear BMPs. A conductive channel created
by barrier doping might be located either within the same
QW or behind a spacer, i.e. on the basis of double QW
structure. We control λa by means of varying the concen-
tration of itinerant carriers (either electrons ne or holes
nh) and the fraction xMn of Mn. For a single CdTe-based
ultra-narrow QW (dQW = 2 nm) structure with BMP
of 6 nm size the adiabatic regime is typical for 2DHG
(λa = 16 for xMn = 0.1, the light hole Fermi energy
EF = 2.3 meV, nh = 5 × 1011 cm−2, the effective mass
mh = 0.4m0), while weak coupling regime is achieved at
5small xMn for dense 2DEG (λa = 0.7 for xMn = 0.035,
electron Fermi energy EF = 18.5 meV, ne = 10
11 cm−2,
me = 0.1m0). In double QW structures there is a de-
crease of an effective exchange coupling which pushes
λa towards crossover and weak coupling regime for both
2DHG and 2DEG.
Summarizing, we have proposed that in diluted mag-
netic semicondutors an additional Hall response is in-
duced due to a carrier asymmetric scattering on non-
collinear bound magnetic polarons. We call for the ex-
periments with DMS-based QWs, which allow one to cre-
ate diverse configurations of non-collinear BMPs and to
study the dependence of emerging Hall effect on a carrier
spin polarization.
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